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Abstract
The star-chromatic number and the fractional-chromatic number are two generalizations of the
ordinary chromatic number of a graph. We say a graph G is star-extremal if its star-chromatic
number is equal to its fractional-chromatic number. We prove that star-extremal graphs G have
the following interesting property: For an arbitrary graph H the star-chromatic number X*(G[H])
of the lexicographic product G[H] is equal to the product of X*(G) and X(H). Then we show
that several classes of circulant graphs are star-extremal. Thus for these circulant graphs G
and arbitrary graphs H, if x*(G) and X(H) are known then we can easily determine the star-
chromatic number (hence the ordinary chromatic number) of the lexicographic product G[H].
For these star-extremal circulant graphs, we also derive polynomial-time anti-clique-finding and
coloring algorithms.
1. Introduction
Let k and d be positive integers such that k~2d. A (k,d)-coloring of a graph
G = (V,E) is a mapping c: V I-t Zk = {O, 1, ... ,k - I} such that, for each edge
uv E E, Ic(u) - C(V)lk ~d, where Ixlk = min{lxl,k - Ixl}. This generalizes the usual
notion of a k-coloring: an ordinary k-coloring of G is just a (k, 1)-coloring of G. Thus,
the chromatic number X(G) of G is the smallest k for which there is a (k, I)-coloring.
The star-chromatic number of G,X*(G), is defined as
x*(G) = inf{k/d : G has a (k,d)-coloring}.
The star-chromatic number of a graph was first introduced by Vince [13]. His
approach uses some methods and results from continuous mathematics. A purely
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combinatorial treatment of the star-chromatic number of a graph was supplied by Bondy
and Hell [3], and an alternate definition of the star-chromatic number can be found
in [15]. It was proved in [3,13], among other things, that
x(G) - 1 < X*(G)~X(G), i.e., X(G) = IX*(G)l
Thus the chromatic number of a graph is determined by its star-chromatic number.
On the other hand, two graphs with the same chromatic number could have different
star-chromatic numbers. In this sense, the star-chromatic number of a graph captures
its structure more precisely than the ordinary chromatic number.
Another generalization of the ordinary chromatic number is the fractional-chromatic
number of a graph.
Definition 1. A mapping c from the collection 51' of independent sets of a graph
G to the interval [0, I] is a fractional-coloring if for every vertex x of G we have
LSEY' s.t. xES c(S) = I. The value of a fractional-coloring c is LSE5P c(S). The
fractional-chromatic number Xf(G) of G is the infimum of the values of fractional-
colorings of G.
We note that the infimum in the definition can be replaced by mlmmum,
and the condition LSE.'/' S.t. xES c(S) = I can be replaced by the condition that
LSEY' s.t. xES c(S) ~ 1. If in the definition the mapping c is from 51' to the set {O, I}
instead of to the interval [0,1], then c becomes an ordinary coloring of G.
The class of graphs G for which X*(G) equals Xf(G) turns out to have some
interesting properties. We prove that if G is a graph with X*(G) = Xj(G), then for an
arbitrary graph H we have X*(G[H]) = X*(G)X(H), where G[H] is the lexicographic
product of G and H (cf. definition in Section 2). Since X(G[H]) = IX*(G[HDl, we
have X(G[H]) = IX*(G)x(H)l if X*(G) = Xf(G). Then we show that X*(G) = Xj(G)
for many circulant graphs G. Thus for these circulant graphs G and arbitrary graphs H,
if X*(G) and X(H) are known then we can easily determine the star-chromatic number
X*(G[H]), as well as the chromatic number X(G[H]), of the lexicographic product
G[H]. This incidentally implies a result of Stahl in [12] for G to be an odd cycle.
It was shown by a complicated argument that X(C2k+I [Kn ]) = 2n + In/kl, which now
becomes an immediate consequence of our result (see Corollary 2). As a byproduct,
we also derive polynomial-time algorithms, that find a maximum independent set, and
color the vertices with minimum number of colors, for these star-extremal circulant
graphs.
2. Lexicographic product of graphs
It is clear from the definitions that Xf( G) ~ X* (G) ~ X( G) for any graph G. There
exist graphs G such that XJ(G) = X*(G) = X(G). There also exist graphs G such that
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Xf(G) < X*(G) < x(G) (cf. [3,5,13,15]). Vince first posed the problem [13]: For
which graphs G, do we have X*(G) = X(G)? Some sufficient conditions were presented
in [1,4,15] for a graph G to have the property that X(G) = X*(G). However it seems
a very difficult problem to characterize all such graphs. In fact, Guichard [6] recently
showed that the problem to decide whether or not a given graph satisfies X* = X is
intractable.
In this paper we are interested in graphs G for which X*(G) = Xf( G). We call
such graphs star-extremal. We prove in this section that star-extremal graphs G have
a very interesting property, namely, if G is star-extremal and H is an arbitrary graph,
then the star-chromatic number X*(G[H]) of the lexicographic product G[H] is equal
to the product of X*(G) and X(H).
Given graphs G and H, the lexicographic product G[H] has vertex set
{(g, h) : g E V( G), h E V(H)} and two vertices (g, h), (g', h') are adjacent if and only
if either gg' is an edge of G or g = g' and hh' is an edge of H. (The lexicographic
product is also known as the wreath product [7, 15].)
Theorem 1. For any graphs G and G', Xf(G[G']) = Xf(G)Xf(G').
Proof. Suppose that Xf( G) = rand Xf( G') = s. Let c be a fractional-coloring for G
of value rand c' be a fractional-coloring for G' of value s. Define an assignment c"
for the independent sets of G[G'] as follows: For an independent set S of G[G'] of
the form S = {(g, h) : g E X, h E f where X and f are independent sets of G and
G' respectively} we let c"(S) = c(X)· c'(f), and for any other independent set S of
G[G'] we let c"(S) = O. It is easy to verify that c" is a fractional-coloring of G[G']
of value rs. Therefore Xf(G[G'])~Xf(G)Xf(G').
To prove the other inequality, we use the notion of the fractional clique number
cliquef(H) of a graph H, which is the maximum total weight LVEV(H) w(v) that can
be assigned to the vertices v of H so that each independent set X has total weight
LVEX w(v) at most 1. By duality theorem of linear programming, we have Xf(H) =
cliquef(H) for any graph H. Thus it suffices to show that cliquet<G[G'])~cliquef(G)
cliquef( G'). However, similar to the argument in the previous paragraph, we can 'lift'
any two weight assignments wand w' of G and G' respectively to a weight assignment
w* of G[G'] such that the total weight of w* is equal to the product of the total weight
of wand the total weight of w' (simply let w*(v, v') = w(v)w'(v')). 0
Theorem 2. If G is a star-extremal graph and H is an n-chromatic graph then
X*(G[H]) = nx*(G).
Proof. It was proved in [15] that for any graph G and any n-chromatic graph H, we
have
X*(G[H]) = X*(G[Kn])~nx*(G).
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By Theorem 1, Xj(G[KnD = Xj(G)Xj(Kn) = nXj(G). Since Xj(G[KnD~X*(G[KnD,
we have
nXj(G) ~x*(G[HD~nx*(G).
Theorem 2 follows from the assumption that Xj(G) = X*(G). 0
Since x(G[HD = iX*(G[H])l, we have an immediate consequence.
Corollary 1. If G is a star-extremal graph and H is an n-chromatic graph then
x(G[HD = inx*(G)l
The following result of Stahl, whose proof in [12] is complex, is now an easy
consequence of Corollary I:
Corollary 2. If H is an n-chromatic graph then
Proof. It is easy to verify that X*(CZk+l) = Xj(CZk+l )
X(Czk+l[H])=2n+ inlkl by Corollary 1. 0
2 + 11k. Therefore
It is well known, [10,12] that for any graph G, there is an integer n such that
x(G[KnD = n . Xi(G). Thus if G is not star-extremal, then we have X*(G[KnD~
x(G[KnD = n· Xj(G) < n . X*(G). Combining this observation with Theorem 2, we
obtain:
Theorem 3. A graph G is star-extremal if and only if x*(G[HD = x*(G)X(H) for
all graphs H.
3. Star-extremal circulant graphs
For general graphs G, both Xj(G) and X*(G) are difficult to calculate, and it seems
also a very difficult problem to determine whether or not G is star-extremal. In this
section we concentrate on circulant graphs. We prove that some classes of circulant
graphs are star-extremal, and also construct some circulant graphs which are not star-
extremal.
Let p be a positive integer and let S be a subset of {I, 2, ... , P - I} such that i E S
implies p - i E S. For brevity, we write -i for p - i. The circulant graph G(p, S) has
vertices 0,1, ... , P - 1 and i rv j if and only if i - j E S, where subtraction is carried
out modulo p.
Let oc(G) be the independence number of the graph G, i.e., oc(G) is the size of
a maximum independent set of G. It is known, and easy to prove, that if a graph
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G is vertex transitive, then Xj(G) = IV(G)I/IX(G). Therefore for any circulant graph
G = (p,S), we have Xj(G) = p/IX(G). Thus to prove X*(G) = Xj(G) for a circulant
graph G = (p,S), it is sufficient to prove that X*(G) = p/IX(G), or equivalently
X*(G)~p/IX(G), as we know that X*(G)~Xj(G).
Given a circulant graph G = G(p,S) and an integer t, we let
At(G) = min{ltil p : i E S}
and let
A(G) = maxPt(G): t = 1,2, ...},
where the multiplications ti are carried out modulo p. (Recall that Ixl p
min{lxl, p -Ixl}·)
Theorem 4. Suppose G is a circulant graph. Then A(G)~IX(G). Moreover if
A( G) = IX( G) then G is star-extremal.
Proof. For any integer t, the mapping c on {a, 1, ... , P - I} defined as c(i) = ti
is a (p, At(G»-coloring of G (multiplications are carried out modular p). There-
fore X*(G)~p/At(G) for any integer t, and hence X*(G)~p/A(G). Since Xj(H) =
IV(H)I/IX(H)~X*(H) for any circulant graph H, thus A(G)~IX(G), and if ),(G) =
IX(G) then X*(G) = Xj(G). 0
Remark. We observe that for all circulant graphs G = G( p, S), the parameter A( G)
can be determined in polynomial time. If A(G) = At(G) = r, then the pre-images of
the set {O, 1, ... ,r - I} under the mapping c(i) = ti (where multiplications are carried
out modular p) is an independent set of G of size r. Also as pointed out in the proof,
the mapping c(i) = ti defines a (p,r)-circular coloring of G. Therefore if X*(G) =
IV(G)I/IX(G) = IV(G)I/A( G) for a circulant graph G, then there is a polynomial-time
algorithm which finds a maximum independent set and an optimal coloring (the (p,r)-
coloring easily induces a Ip/r1ordinary coloring) of G. In Theorems 5-9 below, we
describe some circulant graphs G for which X*(G) = IV(G)I/IX(G) = IV(G)I/A(G).
Thus the independence number, the star-chromatic number and hence the chromatic
number of these graphs can be determined in polynomial time. Indeed, we shall deter-
mine these parameters for these circulant graphs explicitly based on information about
the symbol sets.
We note that for general circulant graphs, the complexity of determining these
parameters remains an open problem.
Theorem 5. If S = {±1, ±2, ... , ±(k- I)} and G = G(p, S), then G is star-extremal.
Proof. Let t = lp/kJ. Then At(G) = t. Hence A(G)~t. Now we show that IX(G)~t.
Let S be a subset of {O, 1, ... , p - I} of size t + 1. Then (by the pigeonhole principle)
there exist i,i E S such that either Ii - il < k or p - Ii - il < k. This implies
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i - j E S and hence S is not independent. Thus A(G) ~ t ~ a(G). By Theorem 4, we
have X*(G) = XI(G). D
Note. In the paper by Abbott and Zhou [I], they raised the question of whether there
exist arbitrarily large k-critical graphs G of high connectivity for which X*(G) <
(k - I) + e, for every k ~4 and every e > 0. Here k-critical means k-edge-critical, i.e.,
X( G) = k and X( G - e) = k - I for any edge e E E(G). It is worth pointing out that
Theorem 5 provides us arbitrarily large k-vertex-critical graphs G of high connectivity
and for which X* (G) < (k - I) + e, for every k ~ 4 and e > 0. More precisely, let
G = G(m(k - I) + l,S), S = {±I,±2,... ,±(k - 2)}, then X*(G) = (k - 1) + I/m
by Theorem 5. Moreover G is 2(k - 2)-connected (it is easy to construct 2(k - 2)
vertex-disjoint paths connecting any two vertices of G), and G - °is (k - I)-colorable
(simply color the vertices of G - °consecutively by colors 0, 1,2, ... ,k - 2).
In the proofs of Theorems 6 and 7 below, we need the following lemma which is a
special case of a result in [2].
Lemma 1. Suppose G is a vertex transitive graph and H is a subgraph of G. Then
a(G)/I V( G)I ~ a(H)/1 V(H)I·
Theorem 6. If lSI ~ 3 and G = G(p, S), then G is star-extremal.
Proof. If lSI < 3, then G is either a matching or a disjoint union of cycles. It is
obvious that X*(G) = XI(G) in these cases. Suppose lSI = 3. Then p must be even and
S = {i, P - i, p/2} for some i < p/2. Let d = gcd(i, p). Now we consider two cases.
Case I: p/d is even. It is easy to see that in this case G is the disjoint union of d
copies of the circulant graph H = G(p/d, {I, p/d - I, p/2d}). Therefore we only need
to show that X*(H) = XI(H). If p/2d is odd, then H is a bipartite graph, and therefore
X*(H) = Xj(H) = 2. Suppose p/2d = 2n is even. Then A(H)~)'2n-l(H) = 2n - 1.
We shall show that a(H) ~ 2n - 1. Let S be an independent set of H. Without loss of
generality, assume °E S. Since each of the two sets {O, 1, ... , 2n} and {O, 4n - I, ... ,2n}
induces a (2n + 1)-cycle, IS n {O, 1, ... ,2n}! ~n and S n I{O, 4n - 1, ... , 2n}1 ~n. Thus
lSI ~2n - 1. Thus we have proved that a(H)~2n - 1~A(H) and this implies that
X*(H) = Xj(H) by Theorem 4.
Case 2: p/d = 2m + 1 is odd. Obviously G contains an odd cycle of length 2m + 1.
Therefore by Lemma I, a(G)~(m/(2m+ I))p = md. Let t = m or m+ 1 whichever is
odd, and let k be an integer such that ki == d (mod p). An easy calculation shows that
Atk(G) = md. Therefore A(G)~Atk(G)~a(G). Thus X*(G) = Xj(G) by Theorem 4.
In both cases, G is star-extremal. Hence the theorem is proved. D
Theorem 6 asserts that all circulant graphs of vertex degree at most three are star-
extremal. For circulant graphs of vertex degree four, we only obtain some partial
results.
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Theorem 7. Suppose G = G(p, S) is a circulant graph and lSI = 4,
(l) If S = {± 1, ±k}, k is odd and p > (k(k - 3) + 2)r/2, where r is the unique
number 0~ r < k satisfying r == p (mod k), then G is star-extremal.
(2) If S = {±1, ±k}, k is even and p > k(k - 1), then G is star-extremal.
Proof. (l) If P is even then G is bipartite. Clearly G is star-extremal in this case. We
now assume that p is odd. Then G contains an odd cycle Ct, where t = lp/kJ+ r. It
follows that IX( G) ~ (t - 1)P/2t by Lemma 1.
Since t = (p - r)/k + r, and p = k(t - r) + r, we have
l(t - l)PJ = lE - PJ2t 2 2t
= lE - k(t-r)+rJ
2 2t
= p - k l(k - 1)rJ
2 + 2t
p-k
2
The last equality follows from our assumption that p = k(t-r)+r > (k(k-3)+2)r/2,
which implies (k - l)r < 2t.
Therefore IX(G)~(p-k)/2. It is routine to check that )'(p+l)/2(G) = (p-k)/2. Hence
),(G)?d(p+l)/2(G) = (p-k)/2~IX(G). Thus X*(G) = Xj(G) by Theorem 4.
(2) The graph G contains an odd cycle CHI. This implies that IX(G)~ lkp/(2k+2)J.
Let t = lkp/(2k + 2)J. We claim that ~iG) = t. Suppose that k = 2s, and that t =
(kp/(2k+2))-lJ = (sp/(k+l))-lJ, where O~lJ~k/(k+l). Then tk = (ksp/(k+l))-klJ.
Thus r = tk - (s - l)p = «k + 2)p/(2k + 2)) - klJ is the unique number between
o~ r < p satisfying r == tk (mod p). By noting that lJ ~ k/(k + 1) and p > k(k - 1),
one can deduce that r~t. It is also easy to verify that r~p - t. Therefore At(G) = t.
Thus X*(G) = X{(G) by Theorem 4, D
We also note that if p is odd, and G = G(p,S) where S = {±I,±(p-l)/2}, then G
is isomorphic to G = G( p, Sf) where Sf = {±1, ±2}. Therefore G is star-extremal by
Theorem 5. Theorems 8 and 9 below also contain some star-extremal circulant graphs
of vertex degree 4.
Theorem 8. Suppose that S = {±k, ±(k + 1), ... , ±(2k - I)} and G = G(p, S). If
6k - 2 ~ p ~ 8k - 3 then G is star-extremal.
Proof. This graph was studied by Sidorenko in [11], where it served as a triangle-
free regular graph whose independence number equals its degree, i.e., it was proved
there that IX( G) = 2k. Now an easy calculation shows that A2(G) = 2k. Therefore
A(G)~IX(G) and hence X*(G) = Xj(G) by Theorem 4. D
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Theorem 9. Suppose that k' = k + I~ p/2, S = {±k,±(k + 1), ... , ±k'} and
G = G(p,S). If p - 2k' < min{k, I} then G is star-extremal.
Proof. We first show that I'J.(G)~k. Otherwise suppose I'J.(G)~k + 1. Consider the
vertices of G placed in a circle in the order 0, 1, ... , p - 1. For a subset A of G, we
define a segment of A to be a maximal subset of A of the form {i, i + 1, ... , i + r}
(addition modulo p). Let A be a maximum independent set of G. Since i is adjacent
to i +k and IAI ~k + I,A has at least two segments.
Consider one segment I, = {i, i + 1, ... , i'} of A, where i' = i + r. Let M be the
set of vertices of G which are not in h and also not adjacent to any vertex of I,.
Obviously A \ II eM. It is easy to see that M consists of three segments,
X = {i' + 1, i' +2, ... , i +k - I},
Y = {i' +k' + I, i' +k' +2, , i + p - k' - I)},
Z = {i' - k + I, i' - k + 2, , i-I}
(where additions are carried out modulo p).
As Ih I+IYI = i' -i+ 1+(i+ p-k' -1)-(i'+k'+1)+ 1 = p-2k' ~k < IAI (the first
inequality follows from our assumption), we know that either Anx ':10 or An z ':10.
Without loss of generality we assume that Anx ':I 0. Let h = {j,j + 1, ... ,j+s} be a
segment of A contained in X such that all the vertices of G between h and h are not
in A. We apply the following operation to A: Add the set I = {i' + 1, i' + 2, ... ,j - I}
of all the vertices of G which are between hand h into A, and delete each vertex of A
which is adjacent to some vertex of I. The resulting set A' is certainly an independent
set of G. We now show that IA'I > IAI, which then contradicts our assumption that A
is a maximum independent set.
If j - i' ~ I, then any vertex x of G which is adjacent to some vertices of i' + 1,
i' + 2, ... ,j - 1 is either adjacent to i' or adjacent to j. Thus x is not in A. Therefore
no vertex is deleted from A and hence IA'I > IAI.
Suppose then that j - i' > I, and consider two cases.
Case I: j - i' - I~ p - 2k'. The set of those vertices which are adjacent to some
vertices of I is contained in the set B = {i' +k + 1, i' + k + 2, ... ,j - 1+ P - k}. We
shall show that IB n AI < III; therefore the number of vertices added to A is greater
than the number of vertices deleted from A and hence IA'I > IAI.
The vertex i' is adjacent to vertices i' + k, i' + k + 1, ... ,i' + k' and vertices i' - k',
i' - k' + 1, ... , i' - k. The vertex j is adjacent to vertices j + k,j + k + 1, ... ,j + k'
and vertices j - k',j - k' + 1, ... ,j - k. Since p - 2k' < I and j - i' > I, we have
j +k' > i' + p - k'. Thus the set of those elements of A which is adjacent to some
vertices of I is contained in the union of the following two sets:
{i' + k' + 1, i' + k' + 2, ... ,j + k - I}
and
{i' -k+ l,i' -k+2, ... ,j-k' -I}.
G. Gao, X Zhul Discrete Mathematics 152 (1996) 147-156 155
Each of the two sets has} - i' - I - 1 elements. Hence the total number of elements
deleted from A is at most 20 - i' - I - 1)::::;: P - 2k' + } - i' - I - 2 < } - i' - 2. Thus
IB nAI < III, and hence IA'I > IAI·
Case 2: }-i'-l > p-2k'. A similar calculation shows that the set ofthose elements
of A which is adjacent to some vertices of I is contained in the union of the following
two sets: {i' +k' + 1, i' +k' +2, ... ,i' -k' -I} and {j+k' + I,} +k' +2, ... ,} -k' -l}.
Each of the two sets has p - 2k' - 1 elements. Hence the total number of elements
deleted from A is at most 2(p - 2k' - 1) < } - i' - 2, which is less than IJI, i.e., the
number of elements added to A. Hence IA'I > IAI, contradicting that A is a maximum
independent set.
Therefore C(G)::::;:k. Since A(G)~Al(G) = k, we have X*(G) = Xj(G) by
Theorem 4. D
Given integers p and k, the graph G~, which plays a special role in the discussion
of the star-chromatic number, is actually the circulant graph G(p, S) with symbol set
S = {k,k + 1, ... , P - k}. As a corollary of the above theorem, (where k + 1= lp/2J),
we have X*(G~) = XJ(G~) = p/k.
So far we have seen many star-extremal circulant graphs. However there are also
many circulant graphs which are not star-extremal. Take any circulant graph H with
Xj(H) :f:. X(H). (Such circulant graphs are abundant. For example, the odd cycles and
most of the other star-extremal circulant graphs discussed in this paper satisfy this
inequality.) It is obvious that the complement fI of H is a circulant graph, and for
any integer k~ 2, the disjoint union G of k copies of fI is also a circulant graph.
Now we show that the circulant graph G, which is the complement of G, is not
star-extremal. In fact G = Kk[H]. Thus by Theorem 1, Xj(G) = k . Xj(H). How-
ever by Theorem 6 of [15], X*(G) = k· X(H). Thus X*(G) > Xj(G) and G is
not star-extremal. If we let H = Cs and k = 2 in the above discussion, we ob-
tain the smallest such circulant graph. It is in fact the circulant graph G = G(lO,S)
with S = {1,3,4,5,6,7,9}. This graph has star-chromatic number 6 and fractional-
chromatic number 5. This example also shows that G is not necessarily star-extremal
whenever Gis.
Note that each of the non-star-extremal circulant graphs as constructed above is of
composite order. A non-star-extremal circulant graph of prime order is found by a
computer search. Let G = G(13,S) with S = {1,3,4,9, 10, i2}. Then XJ(G) = 13/3
and X*(G) > 13/3.
Acknowledgements
We thank P. Hell for many valuable discussions, and thank G. Brinkmann for help-
ing with the computer search. We also thank the referees for their suggestions and
comments.
156
References
G. Gao, X Zhu/ Discrete Mathematics /52 (/996) 147-/56
[1] H.L. Abbott and B. Zhou, The star chromatic number of a graph, l Graph Theory 17 (1993) 349-360.
[2] M.O. Albertson and K.L. Collins, Homomorphisms of 3-chromatic graphs, Discrete Math. 54 (1985)
127-132.
[3] lA. Bondy and P. Hell, A note on the star chromatic number, J. Graph Theory 14 (1990) 479-482.
[4] G. Gao, E. Mendelsohn and H. Zhou, Computing the star chromatic number from related graph
invariants, J. Combin. Math. Combin. Comput., to appear.
[5] G. Gao and X. Zhu, On the ultimate independence ratio of the lexicographic product, Manuscript.
[6] D.R. Guichard, Acyclic graph coloring and the complexity of the star chromatic number, l Graph
Theory 17 (1993) 129-134.
[7] R. Haggkvist, P. Hell, DJ. Miller and V. Neumann Lara, On multiplicative graphs and the product
conjecture, Combinatorica 8 (1988) 63-74.
[8] G. Hahn, P. Hell and S. Poljak, On the ultimate independence ratio of a graph, European J. Combin.,
to appear.
[9] P. Hell, X. Yu and H. Zhou, Independence ratios of graph powers, Discrete Math. 127 (1994).
[10] S.H. Scott, Multiple node colorings of finite graphs, Doctoral dissertation, University of Reading,
England, March 1975.
[II] A.F. Sidorenko, Triangle-free regular graphs, Discrete Math. 91 (1991) 215-217.
[12] S. Stahl, n-Tuple colorings and associated graphs, J. Combin. Theory 20 (1976) 185-203.
[13] A. Vince, Star chromatic number, J. Graph Theory, 12 (1988) 551-559.
[14] X. Zhu, On the bounds for the ultimate independence ratio of a graph, submitted to Discrete Math.,
preprint, 1991.
[15] X. Zhu, Star-chromatic numbers and products of graphs, J. Graph Theory 16 (1992) 557-569.
